This work describes the implementation and applications of non-Hermitian selfconsistent field (NH-SCF) theory with complex basis functions for the ab initio computation of positions and widths of shape resonances in molecules. We utilize both the restricted open-shell and the previously unexplored spin-unrestricted variants to compute Siegert energies of several anionic shape resonances in small diatomic and polyatomic molecules including carbon tetrafluoride which has been the subject of several recent experimental studies. The computation of general molecular properties from a non-Hermitian wavefunction is discussed, and a density-based analysis is applied to the 2 B 1 shape resonance in formaldehyde. Spin-unrestricted NH-SCF is used compute a complex potential energy surface for the carbon monoxide anion which correctly describes dissociation.
I. INTRODUCTION
Metastable electronic states, or resonances, in molecules play an important role in a variety of chemical processes. They can be described by a Siegert energy:
where E is the position and Γ is the width of the resonance. Unfortunately, due to their continuum nature, these states have largely eluded large-scale, reliable computation. Many of the most promising candidates for reliable computation of Siegert energies are based on complex-coordinate methods.
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Originally based on the mathematically rigorous theorems of Aguilar, Balsev, and Combes, 4,5 and Simon, 6 these methods rely on the solution of a non-Hermitian effective
Hamiltonian. This effective Hamiltonian is constructed so as to contain in its spectrum complex eigenvalues equal to the Siegert energies and corresponding to square integrable eigenfunctions. This process, which generally involves the scaling of some of the coordinates of the Hamiltonian by a complex number, is called complex-scaling. Unfortunately, non-analyticities arising from the Born-Oppenheimer approximation make the application to molecular systems difficult. [7] [8] [9] This problem can be overcome with the mathematically rigorous method of exterior complex scaling.
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Though difficult to apply direcctly, the exterior complex-scaling transformation can be implicitly applied using complex basis functions. 7, 10 In this method, complex Gaussian functions of the form
are included in the basis set. The method of complex basis functions has been applied to a variety of diatomic molecules 7, [11] [12] [13] [14] [15] [16] [17] [18] and has recently been applied to some larger, polyatomic molecules in the static exchange (SE) approximation. 10 In this study, we employ complex basis functions in computations on electronic shape resonances in molecules.
Complex coordinate methods, as they are usually used, reduce the full scattering problem to a variational search within a basis of square integrable functions. Unfortunately, in many electron systems one is almost always forced to make further approximations to make the many-body problem computationally feasible. In quantum chemistry, it is the self-consistent field (SCF) wavefuction that usually serves as a first approximation and as a starting point for more accurate methods. The SCF method was first introduced in the context of complex coordinate methods by McCurdy et al. 19 For metastable anions, these methods explicitly treat the polarization of the target molecule or atom due to the presence of an additional electron at a mean-field level. While these methods are usually called complex SCF or complex-scaled SCF, we will refer to them as non-Hermitian SCF (NH-SCF) methods so as to highlight the non-Hermitian nature of the problem and to avoid confusion with complex 
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In this study, we discuss in detail the implementation and application of NH-SCF theory to molecular anionic shape resonances. After reviewing the non-Hermitian version of restricted open-shell Hartree-Fock (NH-ROHF), we introduce the spin-unrestricted variant (NH-UHF) and apply both to a variety of small diatomic and polyatomic molecules. This is the first time that this method has been applied to polyatomic molecules. Additionally, we include a discussion of the calculation and interpretation of general molecular properties from a non-Hermitian wavefunction. A density based analysis and visualization of the electron attachment process is introduced and applied to the 2 B 1 resonance in formaldehyde.
Finally, we use NH-UHF to compute a complex potential energy surface for the carbon monoxide anion. Like its Hermitian counterpart, NH-UHF theory is found to be capable of describing full potential energy surfaces with qualitative accuracy.
II. THEORY
The theoretical background of NH-SCF is described in detail in other works. 19, 20 Here we augment these discussions with a derivation in terms of the complex variational principle [36] [37] [38] which, in the context of complex basis functions, states that the Siegert energy of some trial, c-normalizable function |Ψ),
is stationary with respect to small variations about the true wavefunction. In the method of complex basis functions, the "true" wavefunction is the true exterior scaled wavefuction evaluated in a transformed variable as discussed in Ref. that are constrained to be c-orthonormal. This gives rise to a Lagrangian
where the many body state |Ψ) is chosen to be a single Slater determinant of MOs ϕ i (r), and the λ ij are Lagrange multipliers. The MOs are c-orthonomal functions constructed from real and complex Gaussian basis functions as described in Ref 10. As in the real case, the specification of any constraints on the spin part of the wavefunctions, followed by the extremization of L, gives rise to the NH-SCF equations.
A. NH-ROHF and NH-UHF equations
The NH-ROHF equations are the same as in the real case. 
where the off-diagonal parts are
in terms of the α and β Fock matrices from UHF theory. There is some ambiguity in the specification of the diagonal blocks of the Fock matrix (see Refs. 39 and 41) which can be exploited to improve convergence. 40 The diagonal terms are chosen to be:
This somewhat unconventional choice was found to have good convergence properties.
The NH-UHF equations are the same as in standard Hermitian UHF theory. 42 The α and β Fock matrices are given by
where J α and K α are the Coulomb and exchange matrices generated from just the α electron density and those operators constructed from the β density are similarly defined. h is the basis set representation of the core Hamiltonian. These operators are distinguished from their Hermitian counterparts in that the matrix elements are computed with the c-norm.
The c-norm, while convenient, is somewhat restrictive in that it represents an analytic continuation of matrix elements of a real, symmetric Hamiltonian. 37 However, it has long been known that complex MO coefficients are sometimes necessary to describe certain forms of symmetry breaking within the purely Hermitian formalism of traditional electronic structure theory. 43, 44 In these cases, the Fock matrix becomes complex Hermitian. In order to include in our description the degrees of freedom relevant to complex-Hermitian HartreeFock calculations, a more general bi-orthogonal space must be considered. While this would certainly be an interesting extension, it is not relevant to the examples presented in this study. 
B. Practical considerations in the optimization of NH-SCF wavefunctions
The NH-SCF equations, like their Hermitian counterparts, will have continuum solutions.
Special care must therefore be taken with the initial guess and the method of iteration so as to ensure convergence to the desired resonance state. It is important to emphasize that the desired solutions are not minima of Equation 3.
The natural starting point for an NH-SCF calculation is an SE result. Here, the procedure described in Ref. 10 was used to generate a guess density for the metastable anion. This is the same method employed in previous studies.
11 ,19 In order to converge preferentially to a Siegert energy that is stationary but not in any way a minimum, an overlap criterion similar to that of Gilbert et al. 45 was used to select the appropriate occupied space after each iteration.
In previous applications of NH-SCF, little is reported regarding convergence properties and simple iteration was generally found to yield convergent results. These studies differ from this work in that the basis sets were generally smaller and the complex functions were added only in a particular symmetry. We found that simple iteration only converged to the desired state in very few cases even when small basis sets were used. The direct inversion of the iterative subspace (DIIS) method of Pulay 46,47 was found to be significantly more reliable.
The DIIS method, as it is usually applied to SCF convergence, computes an extrapo-lated Fock matrix as a linear combination of Fock matrices from previous iterations. The relative weights are determined by requiring that they minimize an error vector, which is also computed at each iteration, subject to a normalization constraint. In the standard SCF problem, this error vector (in this case a matrix) is usually taken to be
where S, P and F indicate the overlap, density, and Fock matrices respectively. The elements of this vector are elements of the orbital rotation gradient in the AO basis. In the nonHermitian case, this method can be used with little modification because the (complex)
orbital rotation gradient must still be zero at convergence which suggests that the error vector of equation 9 is still appropriate. In the non-Hermitian case the error vector is split into real and imaginary parts, and the real and imaginary parts of the extrapolated Fock matrix are found in the iterative subspace. In practice, an orthogonalized error vector is used to give a more balanced description of the error.
Unfortunately, the solution of the NH-SCF equations at a single value of θ will in general not yield a good approximation to the Siegert energy. In practice, the NH-SCF energy is computed at many values of θ and an analytic continuation scheme 10,48 is used to compute the energy at the optimal value of θ. An example of these θ-trajectories is shown in Figure 1 .
C. Properties of NH-SCF states
In the method of complex basis functions and in other complex-coordinate techniques, the wavefunction is not the true wavefunction of the system and is in fact not a physically realizable state of any kind. In this section, we briefly describe how properties of the resonance can be extracted from the non-Hermitian wavefunction in terms of the response of the complex Siegert energy.
Moiseyev et al. 37 showed that there exists an analog to the Hellmann-Feynman theorem in a c-normalizable space. It implies, in the context of complex basis functions, that given some Hamiltonian perturbed by some operator V with strength α,
the derivative of the energy with respect to α is
given that |Ψ) is variationally optimized and normalized, and that the complex basis functions are independent of V (i.e. no Pulay terms 49 ). The c-expectation value will in general have both real and imaginary parts, but those parts are easily associated with the response of the position and width respectively:
Note that both these quantities are, at least in theory, observable.
For one-electron properties, the c-expectation value can be written as
where µ and ν index AO basis functions and V and P are the AO matrix representations of operator V and the 1-particle density respectively. The c-normalization of the wave function implies that the 1-particle density matrix defined with the same complex inner product has a real part with a trace equal to the number of electrons and a traceless imaginary part.
The properties of the trace of the complex 1-particle density matrix are very similar to those of a real Hermitian density matrix. As such, it allows for similar kinds analysis. In particular, the complex difference density can be decomposed into complex attachment and detachment densities 50 that can be visualized to give a picture of both the electron-attached state and the polarization of the target. The difference density
is defined as the difference between the complex electron density of the resonance and the real density of the target. This quantity can be uniquely decomposed by splitting its eigenvalues into those with positive real part and those with negative real part:
where a and d are diagonal matrices with positive real parts. A and D are termed the attachment and detachment densities respectively. These quantities describe the electron density and the hole density of the resonance relative to the target. Furthermore, the eigenvalues of these two matrices are related to the scattering process in that
where n is the number of electrons in the resonance state relative to the target; n = 1 for an anion resonance. Therefore, the two equivalent quantities Tr(A) − n and Tr(D) (17) provide a measure of the magnitude of the polarization.
Two-electron properties can be expressed in terms of the 2-particle density matrix, but the only two-electron property relevant in this study is the square of the total spin which can be computed as
where N α and N β are the numbers of α and β electrons respectively. For spin-pure wavefunctions such as the NH-ROHF wavefunction, the expectation value of total spin squared is real and equal to s(s + 1) where s is the total spin quantum number. For NH-UHF wavefunctions, the expectation value can vary from the spin-pure value and can develop an imaginary part. As in the Hermitian case, the computation of the square of the total spin provides a measure of the spin contamination of the unrestricted wavefunction. In practice, the expectation value of S 2 is computed for each value of θ and the rational interpolation scheme described in Ref. 10 was used to compute the expectation value at the optimal value of θ.
III. RESULTS
All computations reported in this study were performed with a modified version of the Q-Chem software package. 52 Matrix elements were computed by the methods described in
Ref. 10 , while the Armadillo C++ linear algebra library 53 was used for all matrix manipulations. All SCF calculations are converged to the extent that the maximum element of the (orthogonalized) DIIS error is less than 10 −5 . The widths are not so predictable. We would expect the widths from NH-SCF calculations to be significantly smaller than for SE calculations due to the incorporation of polarization.
A. Small molecules and comparison to static exchange
This effect is indeed observed, but the magnitude of the difference is not as constant among different molecular systems. For similar reasons, the widths computed with NH-UHF would be expected to be lower than those computed with NH-ROHF, and this is generally the case.
The behavior of the Siegert energies as size of the basis is increased is also generally difficult to predict. However, despite a couple of exceptions, both the real and imaginary parts of the energy are relatively stable with respect to an increase in the size of the basis.
The first exception is the Π u resonance in CO 2 computed within the caug-cc-pVDZ(cm+) basis set. In this case, the positions are reasonable, but the computed widths are unreasonably small; the NH-UHF energy has a positive imaginary part. However, this case is a pathological one in that the basis set contains exactly one complex function of π u symmetry.
This grossly incomplete basis cannot be expected to yield an accurate width, and it is quite surprising that the SE result is so reasonable. A more detailed discussion of basis set effects can be found in Ref. We also report the expectation values of total spin-squared for the NH-UHF wavefunctions in Table I that for these cases, the unrestricted wavefunction is not significantly spin-contaminated. 
B. Density based analysis of formaldehyde's B 1 resonance
In this section, the attachment and detachment densities of the on the signs of the real and imaginary parts of these densities, though the real parts are generally observed to be mostly positive while imaginary parts are observed to be primarily negative.
The attachment and detachment densities, by definition, obey the relations of Equa-tion 17. This is confirmed in Table IV where The α and β attachment and detachment densities for formaldehyde's B 1 resonance are plotted in Figures 2 and 3 respectively. Note that it is the negative of the imaginary part that is plotted in the bottom rows of Figures 2 and 3 (c,d,g,h) . The real part of the α attachment density has very little magnitude in the plane of the molecule and therefore resembles the density arising from attachment to a state with π character. The small σ character in the attachment density is likely the result of electron rearrangement.
Comparing the β attachment and detachment densities, it is clear that the rearrangement in the β space involves the movement of electron density from orbitals localized around the oxygen atom to the two hydrogen atoms. It is also interesting to note that the β attachment density is significantly delocalized in comparison with the detachment density.
C. A 1 and T 2 resonances in carbon tetrafluoride
Carbon tetrafluoride has been observed to have two low energy shape resonances of A 1 and T 2 symmetry. These two resonances have been the subject of some recent interest due to their role in dissociative electron attachment. Huo is the only author to report a width, all other studies report the computed cross-section which shows the widths of the two, not always resolveable, resonances to be on the order of 1eV which agrees well with the present study. The results presented here offer the most complete picture of these two resonances: the T 2 resonance clearly appears approximately 1eV lower energy and with a slightly narrower width, though both widths are on the order of 1eV. It is possible that this picture is significantly different when electron-correlation is explicitly included in the theory.
D. Carbon monoxide potential energy curve
One of the great attractions of Hermitian UHF theory is that, in many situations, it provides a qualitatively correct description of dissociation processes. NH-UHF theory should be able to describe potential energy curves of resonances with the same qualitative accuracy.
As an example, we examine the potential energy curves of anionic and neutral carbon monoxide at the NH-UHF and UHF level of theory respectively. The anion, metastable at the equilibrium geometry of the neutral, becomes bound as the molecule is stretched, eventually dissociating to oxygen neutral and carbon anion.
The potential energy curves at the UHF/NH-UHF level of theory are shown in Figure 4 .
The behavior is qualitatively what would be expected: the anion curve crosses that of the neutral and the width goes to zero. However, the point at which the width goes to zero occurs about 0.1Å before the curves cross. This is consistent with previous calculations 12, 13 and typical of cases where the same uncorrelated level of theory is used on the closed-
shell neutral and open-shell anion. Higher levels of theory may be able to remove this discrepancy. 81 In the region where the anion is bound, the NH-UHF energy almost exactly reproduces the Hermitian UHF energy of the bound anion, but with a very small positive imaginary part. In the region where the anion is unbound and Hermitian UHF is not useful, NH-UHF provides a qualitatively correct complex potential. Such complex potential curves could be useful in calculations of vibrational structure in electron scattering experiments. The real and imaginary parts of the expectation value of total spin squared are plotted in Figure 5 . In this case, the Hermitian UHF solution was obtainable throughout the recoupling region. The expectation value of total spin-squared of the NH-UHF agrees remarkably well with that of the Hermitian UHF solution. This is not surprising, because the anion is bound for much of this region. It is, however, worthy of note that the NH-UHF does essentially reproduce the Hermitian UHF solution in the region where the width is zero. This potential energy curve was not easy to obtain. Only by reading in orbitals from previous calculations and taking small (0.02Å) steps in internuclear distance and similarly small (0.5 • ) steps in θ was convergence achieved at enough points so that the analytic continuation scheme could be confidently applied. Also, at some geometries multiple stationary points were observed, and great care had to be taken to make sure that we followed a single stationary solution. The black line indicates a pure doublet.
IV. CONCLUSIONS
In this study complex basis functions were employed in the implementation of the NH-ROHF method, and the novel NH-UHF method. These methods were described in detail and applied to a variety of small diatomic and polyatomic molecules including carbon tetrafluoride. The computation and interpretation of molecular properties from non-Hermitian wavefunctions was discussed and a density-based analysis was applied to the 2 B 1 resonance in formaldehyde. This analysis of the complex analogs of the attachment and detachment densities allows for an intuitive discussion of target polarization during the process of resonant electron attachment. The NH-UHF method was also utilized in the computation of a NH-UHF potential energy surface for the metastable carbon monoxide anion. These promising results make it worth investigating the possibility of using an NH-SCF reference for highly accurate correlated calculations on small molecules.
However, it is also important to be aware that there are significant challenges in extending NH-SCF methods to larger systems than reported here. First, NH-SCF with complex basis functions often suffers from slow convergence. Second, there are serious numerical problems associated with linear dependence in very large basis sets, associated for instance with diffuse complex Gaussians on multiple atomic centers. Third, the occasional appearance of multiple stationary points can make the identification of the Siegert energy ambiguous, though we
have not yet seen a case where the difference is significant. Finally, the θ-trajectories are a significant burden relative to conventional SCF. More effort is necessary to remedy these problems so that the method can be applied confidently to large molecules.
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